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Abstract 
Dagnino, C. and E. Santi, On the convergence of spline product quadratures for Cauchy principal value 
integrals, Journal of Computational and Applied Mathematics 36 (1991) 181-187. 
In a recent paper (this journal (1990)) the authors proposed product integration formulas, for the numerical 
evaluation of the Cauchy principal value integral fy ,u(x) f(x)/(x - X) dx, based on cubic spline interpolation 
of f, and obtained convergence results for functions f E Ck[ - 1,1], k = 1, 2 or 3. In this report, the same rules 
are considered and their convergence is investigated for a larger class of functions f. An error bound and some 
uniform convergence results are established, in the case of equally spaced quadrature nodes, for functions f, 
satisfying a Holder condition of order p on [ - 1, 11, 0 < p < 1. 
Keywords: Cauchy singular integrals, cubic B-splines. 
1. Preliminaries 
Let I( uf; A) be the integral in the principal value sense of the function f, defined by 
where we assume that u is a suitable nonnegative weight function on (- 1, 1) [6]. 
There has been an increasing interest in the numerical approximation of (1) [16], particularly 
since such approximations may be used to solve the Cauchy singular integral equation 
(2) 
where a, b, g, u are given input functions, f is the unknown function, and u generally exhibits 
square root singularities at the end points [11,14,15,17]. 
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A method for evaluating approximately (1) is a quadrature rule of the form 
n+1 
Jbf; A) = Q,(uf; A) = c w;(X)f(x,), 
1=0 
where the points { xi } are given on mesh II,, defined by 
-l<x,<x,< *** <x,+,<l, 
(3) 
and the weights { w,(X)} are chosen so that (3) is exact when f belongs to a family of linearly 
independent functions 
In this case the weights { w,(A)} must satisfy the linear system of equations 
n+1 
c w,(x)@,(x,)=I(u@j; A), j=o )...) n+l. 
r=O 
(4) 
A requirement in (4) is that the matrix { !Dj( x,)} is nonsingular. 
The case in which F, is a basis for the polynomials of degree not greater than n + 1 has been 
investigated by many authors, and convergence results have been obtained for special choices of 
nodes {xi}, generally zeros of orthogonal polynomials or practical abscissas, and certain 
conditions on f [3,4,6,8,9,13,15,17,18,20]. 
Although progress has been made on various aspects of product quadratures for (l), attention 
has only recently turned to rules based on piecewise polynomials [11,21] or spline functions 
[5,191. 
Particularly, in [5], we have considered product rules (3), for which F, is a family of cubic 
B-splines [1,7,12], and we have proposed a stable computational procedure for their construction. 
We remind that, in this case, the linear system (4) gives rise to a totally positive, almost 
tridiagonal matrix, and it can be stably solved by Gaussian elimination without partial pivoting. 
A useful representation for these rules is the following: 
Q,(uf; A) = j;tu(x)%dx, 
where c#J(“) is the unique cubic spline interpolating f at the prefixed arbitrary spaced points 
{ x, }n_+d and satisfying the “not-a-knot” end condition [7]. 
In [5] some applications have been also reported for different functions f. The numerical 
results obtained showed the good behaviour of such formulas for the cases presented; however, 
convergence results and a bound for the quadrature error 
R,(uf; A) =Z(uf; A) - Qhf; A) (6) 
have been derived only for the case where f E Ck( J), k = 1, 2 or 3, with 
J= [-1, 11. (6’) 
In this paper we consider again product rules (5) and we prove that if the nodes {xi} are 
chosen to be equally spaced, then 
R,(uf; A) = o(n-“+q (7) 
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for all functions f Holder continuous of order I_L on J, 0 < II. < 1, or f E H,(J), where 0 -C p < p 
is a real number as small as we wish. 
Moreover, we also state uniform convergence of Q,( uf; A) to I( uf; A) in the case where 
u(x) = (1 - x)*(1 + x)~, (Y, p > - 1, f E H,(J), 0 < or. < 1, and Al. + min(a, p) > 0. 
Finally, we remark that such convergence properties can be easily extended to more general 
product rules (3) based on interpolating splines of arbitrary even order. 
2. Convergence results of product rules (5) with equally spaced nodes for Hiilder continuous 
functions 
Let us consider product rules (5) based on equally spaced nodes, i.e., 
xi= -1+ 
2i 
n+l’ i=O,...,n+l. 
Some interesting properties of the spline + (n) allow us to prove convergence of (5) and 
estimate the corresponding rate of convergence for all continuous functions f defined on J and 
satisfying a Holder condition of order p, 0 -C p < 1 [6]. 
Lemma 1. Let { 4(“)} be the space of cubic splines interpolating f at the equally spaced nodes (8) 
and satisfying the “not-a-knot ” end condition. 
If we set m(x) = f(x) - 4’“‘(x), then 
(9) 
for all f E C(J), where E IS a constant independent of n, w( f; l/n) is the modulus of continuity off 
and, forgEC(J), IIgII,=swx,Jlg(x)I. 
Proof. It is directly deduced from [8, Theorem 31. q 
Lemma 2. Let { $I(“)} be the space of cubic splines defined in Lemma 1. Then the following 
Bernstein type inequality holds: 
II W’“’ II m G Kn II 4cn’ II my 00) 
where D#“’ denotes the first derivatives of 4(n) and K is a constant independent of n. 
Proof. It is directly deduced from [8, Theorem 11. q 
Lemma 3. Let { cpcn)} be the space of cubic splines defined in Lemma 1. Then for each n, 
w (4”“; h) < Knh II 4@) II m, 
where K is the constant of (10). 
01) 
Proof. From the definition of modulus of continuity with the help of the mean value theorem 
and Lemma 2, the thesis (11) follows immediately. q 
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Lemma 4. Let f E I!?,( .I), 0 < p < 1, 
Then, for any positive p < II. 
w(r,; h) < &-“+BhP, 
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and { +(“) } be the space of cubic splines defined in Lemma 1. 
where z is a constant independent of both n and h. 
(12) 
Proof. From Lemma 1 and the hypothesis 
I] f - Gcn) 1) m < En-“, 
where E is a constant&dependent of n. 
fE H,(J), 0 < Al. < 1, [7], we can write 
(13) 
If we set u(n) = Kn-’ and we choose /? E (0, 1) such that /? < p, for all M > 1 and 
r= 1, 2,. . . , we have 
24(M’n) < M-@u(n). (14) 
Now, remembering general results derived in [2, Theorem 11, from (ll), (13) and (14) we 
obtain the thesis (12). 0 
We remark that the property (12) is analogous to that proved in [15] and recalled in [2] for the 
case of global polynomial interpolation. 
Moreover, it is to be noted that if f E H,(J), 0 < I_L < 1, then, from [2, Theorem 11, we can also 
obtain that 
w (+‘“‘; h) < Ch”, 
when C is a constant independent of n and h. 
Theorem 5. Let us consider rules (5) with equally speced nodes, defined by (8). Then, for any 
XE(-1,l) andforanyfEH,(.J),O<~(1.1, wehave 
R,(uf; A) = O(n-P+8), (15) 
where 0 < p < I_L is a real number as small as we wish. 
Proof. To prove the theorem, following [3,5], it is sufficient to write the quadrature error in the 
form 
R,(uf; A) =fliz&)$$dx 
With the help of Lemma 4, from (16) we obtain 
(16) 
Since both the integrals on the right of (17) exist and are independent of n, the thesis (15) 
follows. 0 
Now, following [21, Theorem 21, we can prove the following theorem. 
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Theorem 6. Let u(x) = (1 -x)*(1 + x)~, a, p > - 1. Suppose f E H,(J), 0 < p < 1, and p + 
min( a, /?) > 0. Then Q,( uf; A) -+ I( uf; A) as n + 00 uniformly for all h E ( - 1, 1). In particular, 
if Al. = 1, i.e., if f satisfies a Lipschitz condition, then we have the uniform convergence for all u. 
Proof. We write the error term in form (16). Remembering [22, Section 4.621, if h E [l - s, l), for 
any s > 0, from (9) we can deduce that 
Ir,(X>Z(u; A) I G 
i 
A(1 - h)a+P, (Y not an integer, 
A(1 - A)a+P]log(l - A) 1, (Y an integer. 
Similarly, if X E ( - 1, - 1 + s], for any s > 0, we have 
P+P 
I r”ovb~ A) I =s i ;;; 1 ;;p+py 
/3 not an integer, 
Ilog(l + A) 1, p an integer, 
where A is a constant independent of n and A. 
In both cases, choosing s sufficiently small, we can make 
Ir,(A)Z(u; A) I cc. 
Finally, if A E [ - 1 + s, 1 - s], we obtain by (9) 
so, given 6 > 0, there exist n,( 6) such that for h E ( - 1, 1) and n 2 n, 
Ir,(A)Gu; A) I cc. 
We now write 
J 
1 
4-4 
rnb> - r,O) dx = 
-1 X-A J J 
+ + 
I Ix-Al .1/n J ,x-A,& 
x41 XQI 
where Z = [ - 1, - 1 + p] U [l -p, 11, for some p to be chosen below. We have 
IJ 4-d 44 -r&) dx I X-A 
iJ 
--I+p 
< 44 
G(X) -‘mdx 
-1 X-X 
(1 -.x)~+~--I dx < 2~ 
for some p > 0 sufficiently small. 
From (9) we obtain 
J 44 44 - r,(A) X-A dx <Al] r, l]ln n = o(l), IX-Xl>l/n 
XGI 
(18) 
08’) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
186 
and from (12) 
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‘-Jbn, It I) 
Itl 
dt = o(l) 
independent of X if f E H,(J). So the thesis follows. 0 
(25) 
3. Final remarks 
In this paper we have considered product quadratures rules for (1) based on cubic spline 
interpolation of f at equally spaced nodes with a “not-a-knot” end condition. 
We have proved their convergence for all functions f Holder continuous of order Al. on 
[ - 1, 11, 0 < p G 1, and we have estimated the corresponding rate of convergence. 
We have also obtained some uniform convergence results in the case where U(X) = (1 - x)~( 1 
+ x)F 
It is to be noted that the results obtained are analogous to those derived in [3,15,17] for some 
quadrature formulas based on global polynomial interpolation at zeros of orthogonal polynomi- 
als or practical abscissas and to those derived in [21] for piecewise linear quadratures. 
Moreover, remembering that Lemmas 1 and 2 also hold in the case where #“) is an 
interpolating spline of even order greater than 2 [8], we remark that convergence properties, as 
[16], can be derived for more general product rules (3), based on interpolating splines of arbitrary 
even order. 
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